Sums of Continuous Uniform Random Variables

Shoichi Midorikawa

Let X = 2;(¢i =0, 1, 2,---, n) be mutually independent random variables with the continuous uniform

density f(X) on the interval 0 < z; < 1.

1: Probability density function f(x)

We seek the probability density function of z = z1 + 22 + -+ + x5,.

1 The case n =2
fg(z)z/o dxg/o 0(z — w1 — x9) dq (1)

First integrate with respect to x1, and then with respect to x5. Since the integration range of z; = z — x5 is

0<x; <1, we have 0 < z — x5 < 1. Therefore, z — 1 < x5 < z. Comparing this with 0 < x5 < 1 gives
max{0, z — 1} < zy <min{l, z}.

Thus, when 0 < 2<1,0< 25 <z, ,and when 1 <2 <2, z—1< x5 <1. Hence,

/ dryg = z 0<z<1

0

fa(z) = L (2)
/ dreo =2 — 2 1<2<2

z—1
is obtained.
2 The case n =3
Put z =1 + 22 + x3; then 0 < z < 3.
1 1 1
f3(2) :/ dxg/ dxg/ 0(z —x1 — 29 — x3) day (3)

0 0 0



2: Probability density function f3(2)

First integrate with respect to x1, and then with respect to xo. Since the integration range of 1 = z —xy — 3

is 0<zy <1, we have 0 < z — a5 — x3 < 1. Therefore, z—1— 23 <29 < z—x3. On the other hand, since

0< a2 <1,
max{z — 1 —x3, 0} < z9 <min{z — x5, 1}.
That is,
(A) when z3 < z—1,then z — 1 — 23 < x5 < 1;

(B) when z — 1 < z3, then 0 < 29 < z — x3.

For the integration region to exist, we must have z — 1 —x3 < 1and 0 < z — x3; that is, 2 — 2 < z3 < z. Com-

paring this with 0 < z3 < 1 gives
max{z — 2, 0} <3 < min{z, 1}.
Also, when z < 1, there is no x3 satisfying (A). When 1 < z — 1, there is no x3 satisfying (B).

The Case of 0 < 2 <1

Since z — 1 < z3 and 0 < z3 < z, we have 0 < x3 < z.

z z—x3 2’2
0 0

The Case of 1 < 2 < 2
Since 0 < z3 <1,

z—1 1 1 zZ—T3 3
f3(2) = / df”?»/ dy +/ dx3/ drg = —2" +32 — =
0 z—1—x3 z—1 0 2

The Case of 2 < 2 < 3

Since xg <z—1land z—2<x3 <1, we have z — 2 < x3 < 1.

1 1 1
fa(z) = / d:rg/ dry = =(z — 3)2
z—2 z—1—x3 2

(4a)



3: Probability density function f3(z)

3 The case n =4

Using equation (2), we have

1@ = [ [ oG- vnwnea

2
/O fo(z — ) faly) dy (5)

Since z=x+4+y with 0 <x <2, 0 <y <2, it is clear that 0 < z < 4. Moreover, from 0 <y <2 we have
0<z—x<2 namely z — 2 <y < z. Comparing this with 0 <y < 2 gives

max{z — 2, 0} <y < min{z, 2}.
When 0 <z <2, then 0 <y <z, so
£ = [ Rle =)y (6)
0
When 2 < z <4, then 2 —2 <y <2 so
2
6 = [ Rle-wh)dy ™)
z—2
Equation (6) is further divided into two cases: 0 <z <land 1<z <2.

The Case of 0 < 2 <1

z 3
£ = [ -y =5 0
The Case of 1 < z < 2
z—1 1 z
i) = [ e—crondrr [ muwdrt [ G-ne-nd )
- —%z?’ +222 — 22+ ; (10)

Equation (7) is further divided into two cases: 2 < z < 3 and 3 < z < 4.



The Case of 2 < z < 3

1 z—1 2
i) = [ e—srowas [ e-cvne-ndas [ Gope-nd

1 22
= 523—422—1—102—?

The Case of 3 < z <4

)= [ @-srpe-ydy - gli—2y (1)
1
fa(2) 0.5
0
0 1 2 3 4

4: Probability density function f4(z)

4 Central limit theorem
1
Let X be a random variable with the uniform density f(X). To make its mean p = 3 equal to zero, perform

1
the transformation ¥ = X — 3 We seek, for large n, the probability distribution of the arithmetic mean

Y = (Y1 + Yo+ --- +Y,)/n of the n independent random variables Y7, Y, ---, Y,:

1/2 1/2 1/2 Tyt ety
f+@) =/ dys [ dgee [ dyné(y—yl pE Y ) (12)
1/2 1/2 —1/2 n

First, substituting the integral representation of the delta function,

s (y ity ot yn) _ i /OO otk (@—(y1+ya+-tyn)/n) dk,

n 2

into equation (12) gives

/2
/ dk e 7ky (/ —zkyi,/n d%)
1/2
B\
1 dk’ iky ( 2n>
or | e
o 2n

n
sin 2%
Now, ( k2"> is an even function of k which, when n is sufficiently large, has a sharp peak equal to 1 near

Iy (@)

2n
k/2n ~ 0. Near k/2n ~ 0,



sin % " ) k2
QL - 24n
n

l n=2" ]
and therefore, approximating it by the exponential func- n=2 oo
: k? : 08 | iy :
tion exp <_Mn>’ we obtain n= 10
06 | n=10 - i
>
J“(‘)Ni Oodk fk—QJr'k:‘
YW = on o P 24n " 04r |
1 [ 1 0z |
_ (k= 12in0)? — 6n2 7 .
o [m dk exp [ Y (k ing)” — 6ny ] ol o
6 -4 -2 4 6
1 e 6nv” /OO dkexp | — 1 (k — 12ing)* X
~or Bl B YT Y
Furthermore, 5: Graph of y = (sinz/z)™ (solid line) and
oo 1 , graph of y = e~"%"/6 (dotted line)
dk — — (k — 12iny
/_OO exp l 24n( iny) ]
00 kl2
= dk' exp | —
/_OO [ 24n1
= V247mn
and hence
_ 6n _g,02
fo ) =y 2 eon (13)

1
2 — _—_ The variance of the uniform distribution is

holds. This is a normal distribution with variance o, = 12
n

1/2 1
o= / w?de = —,
“1/2 12

SO

holds, and equation (13) can be written as

1 _
Fy(§) = —— eV 27 (15)
2ro?

where o2 is given by equation (14).



