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Geometric Distribution

PG(x) = pqx−1, p+ q = 1, x = 1, 2, 3, · · ·

Exponential Distribution as a Continuous Limit of the Geometric Distribution

Let t =
x

n
and consider the limit as n → ∞. Then we seek f(t) such that

f(t)∆t =
1

n
f(t) = pqnt−1

Put r = qn. Then

p = 1− q = 1− r1/n

and hence

1

n
f(t) =

(
1− r1/n

)
rt−1/n (1)

=
(
r−1/n − 1

)
rt (2)

Since r = exp(ln r),

r−1/n = e−
ln r
n ≈ 1− ln r

n

therefore

f(t) = lim
n→∞

n
(
r−1/n − 1

)
rt = − ln r et ln r

Now put

λ = − ln r

Then

f(t) = λe−λt

is obtained. This is the exponential distribution.

1



From the Exponential Distribution to the Geometric Distribution

Starting from the exponential distribution

PE(x) = λe−λx

we derive the geometric distribution PG(n).

PG(n) = λ

∫ n

n−1

e−λt dt

=
[
−e−λt

]n
n−1

= e−λ(n−1) − e−λn

= e−λ(n−1)
(
1− e−λ

)
Here, put

p = 1− e−λ, q = e−λ

Then

PG(n) = pqn−1

is obtained.

From the Geometric Distribution to the Exponential Distribution Again

Define the exponential distribution PE(t) = f(t) in terms of the geometric distribution by

PG(n) = pqn−1 = qn−1 − qn =

∫ n

n−1

f(t) dt

Differentiate both sides with respect to n.

For the left-hand side,

d

dn
pqn−1 = p

d

dn
e(n−1) ln q = ln q pqn−1 = −qn ln q + qn−1 ln q

For the right-hand side,

d

dn

∫ n

n−1

f(t) dt = f(n)− f(n− 1)

that is,

−qn ln q + qn−1 ln q = f(n)− f(n− 1)

therefore

f(n) = −qn ln q

holds.

Replacing n by t, we have

f(t) = −qt ln q

Furthermore, putting λ = − ln q gives q = e−λ, and therefore

f(t) = λe−λt



is obtained.

Mean and Variance

Mean and variance of the geometric distribution

µG =

∞∑
x=1

xpqx−1 =
1

p

σ2
G =

∞∑
x=1

x2pqx−1 − µ2
G =

(
2

p2
− 1

p

)
− 1

p2
=

q

p2

Mean and variance of the exponential distribution

µE =

∫ ∞

0

tf(t) dt

= lim
n→∞

1

n

∞∑
x=1

xpqx−1

= lim
n→∞

1

np

= lim
n→∞

1

n(1− e−λ/n)

Here,

p = 1− q = 1− e−λ/n ≈ λ

n

and hence

µE =
1

λ

∫ ∞

0

t2f(t) dt = lim
n→∞

1

n2

∞∑
x=1

x2pqx−1

= lim
n→∞

1

n2

(
2

p2
− 1

p

)
=

2

λ2

therefore

σ2
E =

1

λ2

https://shoichimidorikawa.github.io/Lec/prob_stat/ProbStat.pdf#page=28

