Gamma and Beta Distributions

Shoichi Midorikawa

1 Derivation of the Gamma Distribution

Assume that the random variables x1, zs2, -+, z, are mutually independent and each follows
the exponential distribution f(z;) = Ae™**¢ (i =1, 2, ---, n). Then the gamma distribution
is derived as the distribution of the sum of these n independent variables, z = 1 + x2 + - - - + T,,.
That is,

fu(z) = A" / 0z—a1—29 — -+ — xn)e_’\(ll+”32+"'+c”") dxidxsy - - - dx, (1)
This gives the required density.
The integral in Eq. (1) can be evaluated easily. Noting that ; >0 (i=1, 2, ---, n), we
obtain

z Z—Tp z—(za+-+zy) z—(zstzat-+xn)
fu(z) = )\”64‘2/ dajn/ dr,_q - / dxg/ dra  (2)
0 0

0 0

The integration limits above are derived as follows.

Since z =1 +x2 +x3+ -+ @, we have 1 =2z — (za + 3+ -+ x,) > 0, and therefore
29 <z—(xr3+---+x,). Since xo > 0, it follows that x3 < z — (x4 + -+ x,). Likewise, be-
cause x3 > 0, we obtain x4 <z — (x5 + - -+ x,), and so on. Continuing this argument, we
finally obtain 0 < z,, < z as the range of x,,.

Now evaluate the integral in Eq. (2) explicitly. First,

z—(x3+za+-4Tn)
/ deo =(z— (x4 + - +xp,)) — 23
0

Next,
z2—(Tat+an) . .
/ {z= (a4 +x,) —23} dvzs = Q(Z—(M*'“'*‘Jﬁn))
O .
1 2
= (= (w54 Fan)) — )
Furthermore,
1 z—(z5+-+zn) ) 1 ,
B {= (w5 +-+zp) — 24} dog = g(z_($5+"'+$n))
'Jo I

= 5 (== (wo + + ) —25)°



Repeating this procedure, we finally obtain

1 : n—2 o 1 n—1
m/ﬁ R v 11 R Gk O
—_ 1 n—1
(n—1)!
Therefore,
fn(z) — A Zn—le—Az

(n—1)!

Since I'(n) = (n — 1)!, this can be rewritten using the gamma function as

) = e Q

Now, the integral representation of the gamma function is

From the integral in Eq. (3), we obtain
/\”/ Tl M dr = / " e dr (= \2)
0 0
= I(n)

Thus Eq. (3) is called the gamma distribution and is denoted by Ga(n, \).
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1: Gamma distribution Ga(n, A) forn =0, 1, 2, 3

1.1 Mean and Variance of the Gamma Distribution

Mean

] /000 zfn(z)dz

A" /°° Y
= Z"e M dz
L'(n) Jo




Let x = A\z. Then

1 > n_—x
wo= )\F(n)/o e " dx
~ I'(n+1)
- M[(n)
_on
DY
Variance
(o]
R e
0
— %\/0 Zn+1€7)\z dz — u2
_ I'(n+2) n?
T OX(n) A2
_n
= 3

2 Moment Generating Function of the Gamma Distribu-
tion
Let us derive the moment generating function Mz (t) of the gamma distribution.
Mot) = [ e gl
Substituting Eq. (1

-

Now, for i =1, 2,

into this expression gives

)
/ (t=2)22 dml) (A / elt= e da:g) (A / elt=Nen da:n)
0 0

n,

)\/oo e(t_)\)$i d‘TZ)
0
A

= 33 (provided that ¢t < X)

=
=
Il
T~

Mz(t) = ()L) (provided that ¢t < X)

3 Gamma Distribution and the Y? Distribution

The x? distribution with n degrees of freedom is

Tn(2) = m G) e

Comparing this expression with Eq. (3), we see that the x? distribution with n degrees of freedom
is Ga(n/2, 1/2).
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4 Inverse Gamma Distribution

1
The inverse gamma distribution is obtained by replacing the variable z in Eq. (3) with y = —.
z

_ i > 1 n—1_—Az
= A /OO 226 (z — 1) 2V lem M
L(n) Jo Y

Nt p( A)
p— X R
['(n) Yy

That is,

Frio) = o e (2

is called the inverse gamma distribution.

5 Beta Distribution

Consider two independent random variables x and y. Suppose that z follows the gamma
distribution Ga(m, X) and y follows Ga(n, A). That is,

fm(x) — 1_‘>(‘:L)xm—1€—>\z (4&)
faly) = F?Z)y"‘le‘*y (4b)

5.1 Distribution of z/(x + y)

The distribution of the random variable z = m is given by
rTy
x
o) = [0 (= 25 ) k) o) oy

To evaluate this integral, let us integrate with respect to y first. Since

(o) (- 02)

we have
1 [ 1—2z
fz(z) = —2/ x fm () fn < x) dx (5)
z 0 z
Substituting Egs. (4a) and (4b) into this expression, we obtain
fz(2) = o 21— ) /OO gmtnle=Ae/E gy
I'(m)l'(n) 0
L m—1 71/00 fn—1 —t ( )\)
= — Yz 1—2)" T e dt t=—x
T P, :
_ F(m + 71) m—1 n—1
= Tmrm? Y
Zm—l 1— Z)n—l
- B((m n) Osz<1)



where
I'(m+n)= / tmrn=le=t gt
0
and
_ Lm)T'(n)
B(m,n) = T(m + )

were used.

The integral representation of the beta function B(m,n) is
1
B(m,n) = / 21— )" dz
0

Therefore, the probability density function

oo = L=

is called the beta distribution and is denoted by Be(m,n).

(0<2<1)
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2: Beta distribution Be(m,n)

5.2 Mean and Variance of the Beta Distribution

Mean
1
o= /0 2fz(2)dz
= B(nlzn)/ol 2™(1—2)" " tdz
_ B(m+1,n)
N B(m,n)

I'(m+ 1)I'(n) I'(m +n)
F'(m+n+1) T(m)['(n)

m-4+n



Variance

1
o? = /z2fz(z)dz—,u2

0
1
— ;/ Zm+1(1 _Z)nfl dz—,u2
B(mvn) 0

_ B(m+2,n) 2
N B(m,n) o
D(m+2)T(m) Tm+n)

T Tm+n+2) T(mIn) "
(m+1)m B m?
(m+n+1)(m+n) (m+n)?

(m+n)2(m+n+1)




5.3 Distribution of z/y

The distribution of the random variable u = = is given by
Y

o = [[6 (=) fule) ) docy

To evaluate this integral, this time we integrate with respect to z first. Since

5<u§>yuxum

we have
o) = [ ulmlun)faly) dy @
Substituting Eqgs. (4a) and (4b) into this expression, we obtain
f (u) _ Amtn um—l /OO ym-i-n—le—)\(l—l-u)y dy (8)
B O OO

Let t = A(1 + w)y. Then

1 umfl

fo(w) = IXWUF00(1+1Omﬂ]z;tm+"1etdt
C(m+n) wm™ !
L(m)T'(n) (1 4+ u)mtn
1 uml
B(m,n) (14 u)mtr

This is the desired result.

Now, the integral representation of the beta function is

1 o0 m—1
B(m,n):/o szl(l—z)”fldz:/o (uidu w=—2

1+ u)min 1-z

Thus, Eq. (9) can also be regarded as a type of beta distribution.
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3: Distribution fy(u)



umfl

(1 + u)mtn

0o m—1
m—1 1— n—1 :/ § _ u u d
2" (1 - 2) ; o ATy u

This can be proved easily by using the well-known formula for the delta function,

The relation between 2™~ 1(1 — 2)"~! and is given by

0(g(u)) = (@) (u— a) where « is a solution of g(u) = 0.
g (a
In th nt case, 0 | z 4 ! olu :
e - = - .
n the pres , T a e T

Therefore, the relation between Egs. (6) and (9) is

fz(z) = 1 _12)2fU (liz)




