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1 Mathematical Preliminaries

Let us first consider the integral

∫ ∞

0

e−αxxs−1 dx provided that α is a real

number. By setting t = αx we find∫ ∞

0

e−αxxs−1 dx =
1

αs

∫ ∞

0

e−tts−1 dt.

Recalling that the gamma function Γ(s) is defined by

Γ(s) =

∫ ∞

0

e−tts−1 dt,

we rewrite this integral as ∫ ∞

0

e−αxxs−1 dx =
Γ(s)

αs
. (1)

We can show that the equation (1) still holds even if α is some complex
number α = p+ iq with p > 0. Namely,∫ ∞

0

e−(p+iq)xxs−1 dx =
Γ(s)

(p+ iq)s
(2)

We multiply both sides of (2) by eiqy, and integrate over q from −∞ to ∞∫ ∞

0

dx e−pxxs−1

∫ ∞

−∞
eiq(y−x) dq = Γ(s)

∫ ∞

−∞

eiqy

(p+ iq)s
dq. (3)

Since ∫ ∞

−∞
eiq(y−x) dq = 2πδ(y − x)

we obtain

2πe−pyys−1 = Γ(s)

∫ ∞

−∞

eiqy

(p+ iq)s
dq.

In other words, ∫ ∞

−∞

eiqy

(p+ iq)s
dq =

2π

Γ(s)
e−pyys−1. (4)
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2 Chi-Square Distribution

The standard normal distribution is given by

f(u) =
1√
2π

e−u2/2. (5)

We define x = u2, and wish to find the distribution T1(x) of the random variable
x.

T1(x) =

∫ ∞

−∞
δ(x− u2)f(u) du

=

∫ ∞

−∞

1

2
√
x

(
δ(u−

√
x) + δ(u+

√
x
)
f(u) du

=
1

2
√
x

(
f(
√
x) + f(−

√
x)
)

Using (5) we obtain

T1(x) =
1√
2π

e−x/2x−1/2 (x ≥ 0).

This probability density function is the so called chi-square (χ2) distribution
with 1 degree of freedom.

Let x1, x2, · · · , xn are statistically independent random vaiables each of
which has the probability distribution T1(x). Let

y = x1 + x2 + · · ·+ xn.

The probability distribution Tn(y) of y can then be written formally as

Tn(y) =

∫ ∞

0

δ(y − x1 − x2 − · · · − xn)T1(x1)T1(x2) · · ·T1(xn) dx1dx2 · · · dxn.

We use the integral representation of the Dirac δ-function

δ(y − x1 − x2 − · · · − xn) =
1

2π

∫ ∞

−∞
eik(y−x1−x2−···−xn) dk

to carry out the integral.

Tn(y) =
1

2π

∫ ∞

−∞
dkeiky

n∏
i=1

∫ ∞

0

e−ikxiT1(xi) dxi

=
1

2π

∫ ∞

−∞
dkeiky

[∫ ∞

0

e−ikxT1(x) dx

]n
(6)
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We find by using (2) that∫ ∞

0

e−ikxT1(x) dx =
1√
2π

∫ ∞

0

e−(
1
2+ik)xx

1
2−1 dx

=
1√
2π

Γ
(
1
2

)(
1
2 + ik

)1/2
=

1
√
2
(
1
2 + ik

)1/2
where we used the relation Γ(1/2) =

√
π. Then substituting this result to (6),

we obtain

Tn(y) =
1

2π

1

2n/2

∫ ∞

−∞

eiky(
1
2 + ik

)n/2 dk

To evaluate the integral we use (4), and finally find that

Tn(y) =
1

2n/2Γ(n/2)
e−

y
2 y

n
2 −1.

This function is called the chi-square distribution with n degrees of freeedom.

3 Distribution of the Sample Variance

Let n quantities u1, u2, · · · , un are independent random variables selected from
the standard normal distribution N(0, 1), and let

ū =
u1 + u2 + · · ·+ un

n
(7)

is the sample mean of the n variables.
We then consider the distribution of a sum of sqaures defined by

x = (u1 − ū)2 + (u2 − ū)2 + · · ·+ (un − ū)2. (8)

This distribution is written formally as

fX(x) =

∫
δ

(
x−

n∑
i=1

(ui − ū)2

)

×δ

(
ū−

n∑
i=1

ui/n

)
n∏

i=1

1√
2π

e−u2
i /2 dui dū (9)

As we introduce redundant variable ū, it is necessary to insert delta function

δ

(
ū−

n∑
i=1

ui/n

)
in order to assure the constraint (7).
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Note that
n∑

i=1

(ui − ū)2 =
n∑

i=1

u2
i − nū2.

Furthermore, we use an integral representation of the δ function

δ

(
x−

n∑
i=1

(ui − ū)2

)
= δ

(
x−

n∑
i=1

u2
i + nū2

)

=
1

2π

∫
eip(x−

∑n

i=1
u2
i+nū2) dp. (10)

to evaluate the integral (9). We also use the following relation to the other δ
function,

δ

(
ū−

∑n
i=1 ui

n

)
=

1

2π

∫
eiq(ū−

∑n

i=1
ui/n) dq. (11)

Substituting (10) and (11) into (9), we obtain

fX(x) =
1

(2π)2

∫
eipx

n∏
i=1

(
1√
2π

e−
(1+2ip)

2 u2
i−iqui/n dui

)
ei(pnū

2+qū) dūdpdq.

(12)
The integral in the parentheses can be carried out in the following way:

1√
2π

∫
e−

(1+2ip)
2 u2

i−iqui/n dui

=
1√
2π

∫
exp

{
− (1 + 2ip)

2

(
ui + i

q

n(1 + 2ip)

)2

− q2

2n2(1 + 2ip)

}
dui

=
1

(1 + 2ip)1/2
exp

{
− q2

2n2(1 + 2ip)

}
(13)

Substituting (13) into (12) gives

fX(x) =
1

(2π)2

∫
eipx

(1 + 2ip)n/2
exp

{
− q2

2n(1 + 2ip)
+ ipnū2 + iqū

}
dūdpdq.

(14)
The expression in the parentheses {· · ·} in (14) can be written as

− q2

2n(1 + 2ip)
+ ipnū2 + iqū = − 1

2n(1 + 2ip)

[
q − in(1 + 2ip)ū

]2
− n

2
ū2 (15)

and doing the q integral gives∫
exp

{
− 1

2n(1 + 2ip)

[
q − in(1 + 2ip)ū

]2}
dq =

√
2π

n(1 + 2ip)
. (16)

This leads (14) to

fX(x) =
1

(2π)3/2

∫ √
n eipx

(1 + 2ip)(n−1)/2
e−nū2/2 dūdp (17)
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The integral over ū then becomes∫
e−nū2/2 dū =

√
2π

n

Thus (17) turns out to be

fX(x) =
1

2π

∫
eipx

(1 + 2ip)(n−1)/2
dp

=
1

2π

1

2(n−1)/2

∫
eipx(

1
2 + ip

)(n−1)/2
dp . (18)

Finally, applying (4) to (18), we obtain

fX(x) =
1

2(n−1)/2Γ
(
n−1
2

)e− x
2 x

n−1
2 −1 . (19)

This is the probability density function for the χ2 distribution with
n − 1 degrees of freedom.
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